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RECAP: PROBABILITY CALCULUS



PROBABILITY DISTRIBUTIONS IN ONE DIMENSION

Forafiniteset Q = {w1, ..., wy }, we call any functionp : Q — [0, 1] with the property

3" by =1

a probability distribution on €2, and p(w) is the probability of € €.

Similarly, any non-negative functionf : R — R with fRf(x) dx = liscalled a
probability density on R, where for any subset A C R, the integral p(A) := /Af(x) dx is
the probability of A.

Examples:

e p(w) = % forallw € {wi, ..., wn} (uniform distribution)

¢ P(W) = Oy o, forsomefixed wy € {wy, ..., wn} (Dirac distribution)
e f(x) = ﬂ%e_(x"”)z/(zaz) (Gaussian density)

71'0'2

o f(x) = Ae™™ forallx > 0,1 > 0 (Exponential density)

Note: For distributions on countable sets Q = {w1, @2, ...}, one also writes p; := p(w;) for all i.



PROBABILITY DISTRIBUTIONS IN MULTIPLE DIMENSIONS

Probability distributions on cartesian products " = €2 X --- X £ of a finite set L2 are
functionsp : Q" — [0, 1] such that Zi’m’jp(a),-, ..., ;) = 1 (and analogously for
products of differing sets), also known as multivariate distributions.

Similarly, multivariate probability densities f are probability densities on R j.e.
f R? - R, such thatfRdf(xl, cxg)dx? = 1.

Examples:

e p(w,w') = =5 where N = |Q| (uniform distribution on Q X Q)

e p(w,w) = pl(a))pz(a) ) (products of one-dimensional distributions p1, p>)
Sy !y

e p(n) = i nk D pk fornm = (ny,...,n;) € N¥ (Multinomial distribution)

_ o~ —X” Yx—p)2
 JX) = VQ2x )dd ()

forx = (x1,...,x4) € RY (Multivariate Gaussian)



GENERALIZATION: PROBABILITY MEASURE

Consider the example of rolling a die with uniform probability p(w) = % for all
w e Q={1,...,6}. Whatis the probability of rolling an even number?

Since there are only two possibilities, even and odd, with equal counts, it is intuitively
obvious that Prob(even) = % But how would we calculate it in situations where we do not
have an intuition?

Any probability distribution is an instance of a probability measure [P, which, by definition,
maps sets A to numbers P(A) between 0 and 1, with the extra property that

P( UA,-) = Y pay)
for any family of disjoint sets A;.
Therefore, sinceeven = {2,4,6} = {2} U {4} U {6}, we have

p(even) = p(2) + p(4) + p(6) = 2 = 3



RANDOM EXPERIMENTS

A random experiment is a trial with unknown outcome. The collection of all possible
outcomes of such an experiment is called a sample space, often denoted by the letter 2.

For example:

e Tossing a coin: € = {heads, tails}

e Rollingadie: Q = {1,2,3,4,5,6}

 Pick a card from a deck of 52 cards: €2 = {ace of clubs, ..., king of spades}.

e Observe the number of electric cars sold in a day: €2 = N



EVENTS

An eventis a subset A C €2 of a sample space 2, i.e. a set of possible outcomes of a
random experiment.

For example:

e A ="the coin toss yields heads" = {heads}

e A ="thedie shows an even number"= {2,4, 6}

e A ="thecardisred" = {ace of diamonds, ..., king of hearts} (26 cards)

e A ="the number of electric cars sold in a day is between 50 and 100" = {50, ..., 100}

The set of all allowed events (a so-called ) is usually denoted by 2. Acommon
example is the power set 2, i.e. the set of all subsets of Q.


https://en.wikipedia.org/wiki/%CE%A3-algebra

PROBABILITY SPACE

A probability space is a triple (€2, X2, [P), consisting of a sample space €2, a set of events X,
and a probability measure [P, assigning probabilities P(A) to all events A € X.

For example:

* Rolling adie: (Q,%,P) = ({1,...,6},2t>% P), where P(w) = ¢ Vo = 1, ..., 6.

e Tossing a biased coin twice: (Q, %, P)withQ = {HH,HT, TH, TT},
>={0,{HH},... {TT},{HH HT}, ... {TH,TT},{HH,HT,TH},...,Q}

and forw = (wg, w1) withw; € {H, T}, we have P(w) = p(wg) - p(w1), where p is the
probability distribution over { H, T'}, given by p(H) = b and p(T) = 1 — b for some bias
b € [0, 1].

Note: For the rest of the lecture, we always assume that a sample space €2 is part of a given probability space with
probability measure P even if we do not explicitly mention it.



RANDOM VARIABLES

A random variable is a function from a sample space €2 to (usually, real) numbers.
Examples:

e Rollingadie: X : Q — Q, X(w) = w,i.e. X isthe number of dots on the die.

e Tossingacoin: Y : Q — {0,1}, Y(heads) = 1, Y(tails) = O

e Number of heads: Z(w) := the number of heads in a sequence w = (w1, ... ®,) of n coin
tosses, forexample Z(HHT) = 2. Notice,withZ; : Q — {0, 1}, Z;(w) := Y(w;) with Y
from above, we have

Zw) = ), Zi(w)
=1

Note: Random variables with a finite or countable number of values are known as discrete random variables,
which will be our focus in this lecture. Most of the statements, however, directly generalize to continuous random

variables, which is usually done by simply replacing summation by integration over the appropriate space.



PROBABILITY MASS FUNCTIONS

Since any random variable X is defined on a probability space (€2, X, P), there is a straight-
forward way to assign a probability measure Py to (sets in) the target space of X:

Px(A) .= P(X"'(A) = P(X € A)

where X1 (A) = {w|X(w) € A} denotes the preimage of a set A in the target space of X,
also denoted as {X € A}, in which case we drop the curly braces when evaluating [P.

For discrete random variables, we define the probability distribution px of X, or its
probability mass function, through

px(x) := Px({x}) = P({o|X(w) = x})

We also use the notation p(X) for px and p(x) or p(X=x) for px(x).

Note: For continuous random variables, there exists a probability density fx such that Px(A) = fA Jx(x)dx



EXAMPLE
NUMBER OF HEADS

Consider sequencesw = (w1, ..., ;) of n coin tosses with the same biased coin with
probability b of getting heads. Let Z(w) denote the number of heads in such a sequence.
What is the probability distribution pz of Z?

e Probability of a sequence (@1, ... , ®,) with k heads: b*(1 — b)"*
e Number of permutations of n elements: n!

e Number of sequences with k heads: (divide n! by the permutations of 1s and Os)

( k)'

!

= 2= PO

This is known as the binomial distribution (Note: Zk pz(k) = 1 isaspecial case of the
binomial formula)



INDICATOR AND SIMPLE RANDOM VARIABLES

Let €2 be a sample space and let 14 denote the indicator functionofasetA C Q, i.e.
Ta(w) = 1lifw € A and 14(w) = 0 otherwise.

e Indicator randomvariable: 14 : Q@ - R, 0 — T4(w)
e Simple random variable: ' a;14, : Q = R, + Y a;14 () (a step function)
Note that, if the sets A; are disjoint, then the corresponding simple random variable is a

discrete random variable with values g;.

Theorem: Any random variable X : € — R can be approximated pointwise by a sequence of
simple random variables X,,, i.e. X(w) = lim,,_, o, X,,(w) forall o € € (up to sets of
probability zero).



EXPECTATION

One can define the expectation operator [E for random variables X inductively as follows:
e forindicator random variables X = 14, we define E[X] := P(A)

e forsimple random variables X = Zi\il a;ila,,wedefine E[X] := ). a; E[14,]

e forarbitrary random variables X, we define E[X] := lim,,_.o, E[X,,] where (X,,), is a
sequence of simple random variables that approximates X pointwise.

One usually writes this as an integral with respect to the probability measure [P:

E[X] = / X(w) dP(w)
Q
Note that, for discrete random variables X with values x;, by construction:

E[X] = ) 5 PX =x) = ) xpx(®)

l X

Remark: Analogously, for continuous random variables with density fx, we have E[X] = fxfx(x)dx.



EXPECTATION
SOME PROPERTIES

e Linearity: E[aX + bY] = aE[X] + bE[Y] fora,b € R and random variables X, Y.

e Functions of random variables: For a (measurable) function f defined on the range of a
discrete random variable X with probability mass function p,

EFCO1 = ) f() p) =: E,[f]

e Jensen's inequality: If g is a convex function on the range of a random variable X (and all
expectations are finite), then

g(E[X]) < E[g(X)]

with equality if and only if g is linear or X is constant.



EXAMPLE
APPLICATION OF JENSEN'S INEQUALITY

Using Jensen's inequality and the fact that g = — log is a convex function, we find that the
Kullback-Leibler divergence Dk, (p||q) := ), pi log % from g to p satisfies

Dapll) = Els(T)] = 5(&[1]) =s =0

and moreover, Dg7. (p|lg) = 0if and only if% is constant, i.e.

a_ @
P1 P2

=.=c€eR

andthusc = ¢ ). pi = D..qi = 1,which meansthatp = gq.



JOINT DISTRIBUTIONS

Usually one considers a random variable with values X in higher dimensional space as a
tuple of multiple one-dimensional random variables,i.e. X = (X1, ..., Xyz). The
corresponding multivariate probability distribution px is called the joint (distribution) of
the random variables X1, ..., X  with values

px1, ... xq) = px (X1, ..., Xg)

Similarly, a multivariate probability density f : R? - [0, 00) can be considered a joint
density corresponding to continuous random variables X1, ... , Xg.



MARGINALIZATION

For a joint probability distribution p of two discrete random variables X and Y,

pG) = ), px.y)

defines a probability distribution of Y, known as the marginal of Y (with respect to p).
Similarly, for continuous random variables X, Y, the marginal density of ¥ (with respect to

their joint density f) is given by f(y) := ff(x, y) dx.

Interpretation: Marginals contain no information about the variables that have been summed out, i.e. the marginal
distribution p(Y) = Zx p(x, Y) represents the knowledge about Y given that X is unknown.

joint marginal



CONDITIONING ON RANDOM VARIABLES: BAYES RULE

e Consider ajoint p(X, Y) of two random variables X, Y and assume that the value of X is
known to be x ("the event X= x is observed").

 |n general, this observation makes us more knowledgable about Y than is represented by
the marginal p(Y): We can define a new probability distribution for Y by simply
renormalizing p(x, y) with respect to y, i.e.

pey) _ p.y)
2,0y p)

p(y) = ()

e The distribution p thus depends on the value x, which is why p(y) is denoted by
p(y|X=x), or simply p(y|x). The expression p(Y|X) is then interpreted as the
distribution-valued function of x with values p = p(Y|X=x), known as the conditional of
Y given X.

Note: For continuous random variables, the same construction applied to densities can result in inconsistencies
( , Ch. 15, The Borel-Kolmogorov paradox), which is why one has to rely on other methods (e.g.
conditional expectations, see ) to properly define conditional distributions in this case.


https://bayes.wustl.edu/etj/prob/book.pdf
https://www.doi.org/10.1007/s11229-016-1070-8

MARGINALIZATION AND CONDITIONING FOR ARBITRARILY MANY RVS

For random variables X1, ..., Xy, the marginal with respect to Xy, ..., X; is obtained by
summing p over all variables besides of Xy, ..., X, i.e.

Py oy Xp) = Z px1, ..., Xq)

X1oenesXinennXy
where i#k,...,[

Similarly, conditioning on Xy, ..., X is analogous to the two-dimensional case,

p(X1, ..., Xq) _ p(x, e Xq)
in,...,xj- p(xl’ ,Xd) p(-xka ,X[)

Py X | X = X, X = x) =



CANONICAL FACTORIZATION OF THE JOINT

The definition () of conditional probabilities allows to rewrite the joint p(X, Y) of two
random variables X and Y as

pX,Y) = p(X) p(Y|X)

Similarly, by induction, a joint p(X, ..., X;) can be factorized as

pXi, ..., Xq) = p(Xy) pX21X1) - pKXa=11X1, ... . Xa—2) pXa|X1, ..., Xa-1)

This is sometimes referred to as the product rule.



STATISTICAL INDEPENDENCE OF RANDOM VARIABLES

If observing X does not result in more information about Y than considering X to be
unknown, i.e. if the conditional p(Y|X) is the same as the marginal p(Y), then X and Y are
said to be statistically (or stochastically) independent (with respect to p). This is equivalent to

pX,Y) = pX)p(Y)

independent dependent



DIRECTED GRAPHS



GRAPHS

A graphisatuple (V, E), where V is a set whose elements are called vertices or nodes, and
E consists of pairs of nodes called edges. In a directed graph the edges have orientation,
representing a directed relationship between the nodes (graphically denoted by arrows). In
an undirected graph the position of the nodes inside the edges is irrelevant, corresponding
to a symmetric relationship (graphically represented by lines).

>
h 4 h 4
directed graph undirected graph



REPRESENTING JOINTS GRAPHICALLY
Example: Can we represent p(X, Y, Z) = p(X) p(Y|X) p(Z|X, Y) by a directed graph?
Nodes are the random variables.

Edges connect RVs that appear in a single conditional as a

Y
factor in the joint. / \
Arrows point from the variables in the condition to the
X ——— Z

variable over which the distribution is defined.



MORE 3-VARIABLE EXAMPLES

X
/\ X —»Y | — Z
Y Z

pX)p(Y|X) p(Z| X) pX)p(Y|X)p(Z|Y)

X\Z/Y

pX)p(Y)p(Z|X,Y)



GENERAL CASE

A directed graph is called acyclic if there is no path to visit a

node twice by following the arrows. S />
Given a directed acyclic graph with nodes X1, ..., Xy (also A /
called a Bayesian network), we can read off the joint

d
pX1..... Xa) = [ | p(Xi[Parentsy)
k=1
p(S)p(A) p(S’| S, A) p(X|S) p(X'| ")
where Parents; are all parent nodes of node Xj.

An important use of graphical representations of joints is to read off statistical

independence relations: In the above graph, when observing S, then X and S’ are
independent.



CONDITIONAL INDEPENDENCE
3-VARIABLE CASE REVISITED

Tail-to-tail Head-to-tail Head-to-head
X X v
/ \ X —»0—» 4 \ /
JNC o

p(Y,Z|X)=pY|X)p(Z|X) pXZ|Y)=pX|Y)p(Z|Y) pX,Y) =pX)p(¥)
pX,Y|Z) #pX|Z)p(Y|Z)

Note: When making a negative statement about conditional independence, we mean that this does not follow in
general. A specific model that satisfies a given graph can always have more independence properties than is
specified by the graph.



CONDITIONAL INDEPENDENCE
D-SEPARATION

The three cases on the previous slide contain the essentials for deriving conditional
independence relations for general directed acyclic graphs, known as d-separation.

Consider three sets of nodes A, B, and C. A path (along edges, ignoring direction of arrows)
from anodein A to anodein Bis called blocked by C if

(i) it contains a node in C that is tail-to-tail or head-to-tail, or
(i1) it contains a head-to-head node that is not in C, nor any of its descendants is in C

Here, a descendant of a (oparent) node is any node that can be reached from its parent by
following arrows.

Theorem ( ): If all possible paths from A to B are blocked by C then the random
variables in A are independent from the ones in B given the random variables in C.


https://www.sciencedirect.com/book/9780080514895/probabilistic-reasoning-in-intelligent-systems

CONDITIONAL INDEPENDENCE
ILLUSTRATION OF D-SEPARATION

s ——(s s ——(s O —(

g [ 1]

X e X @ X e

p(X,A) =pX)pA)  pX,AlX") #pX|X"pAIX") pX,AlS) = p(X|S)p(A]S)

S’ blocks because itis head-to- S’ is unblocked becauseitis S blocks because it is tail-to-tail
head anditisnotin C = {} head-to-head and its and in C (also, S” blocks for the
(nor its descendants) descendant X’ isin C same reason as before)



FULLY CONNECTED MODEL

Two nodes with a direct connection cannot have any conditional independence property
(since there are no nodes that could satisfy (7) or (ii) of d-separation).

In particular, the most general model for d random variables X, ..., X; has a canonical
factorization

pXy, ..., Xy) = pXy) p(X2|X1) p(X3|X1,X2) - p(Xa| Xy, ..., Xg-1)

that cannot be simplified (there is a connection between all nodes), and thus does not have
any conditional independence properties.




THE MEAN-FIELD ASSUMPTION

In contrast, the most simple model would have no connections at all and therefore fully
factorizes, i.e.

pXi, ..., Xq) = pXy) - p(Xyq)

This is sometimes called a mean-field assumption.



THE MARKOV PROPERTY
MARKOV CHAINS

If we want to allow just slightly more dependence among the variables than in the mean-
field assumption, we arrive at what is known to be a Markov chain

pXi, ..., Xq) = p(Xy) p(X2|X1) p(X53]X2) - p(Xa|Xa-1)

which got its name from the Markov property p(X;| X1, ..., Xi—1) = p(Xi| Xi—1).

Note: In many applications, the additional assumption is made that the transition probability p(Xj | X;—1) is

independent of k (homogeneity), i.e. the conditional distributions in the factorization above are all identical (share

parameters), just evaluated at different "time steps" (naming from modeling temporal data).



THE MARKOV PROPERTY
HIDDEN MARKOV MODELS

Most sequential data has the property that X does not only depend on the predecessor
(Markov chains) but on many or all previous time steps. However, simply allowing more and

more dependencies of p(Xi | X, ... , Xk—1) results in higher-order Markov models
potentially with many parameters to determine.

In contrast, Hidden Markov Models (HMMs) achieve dependence on all previous time steps,
while keeping the model complexity low:

e introduce latent variables Z1, ... , Z; that satisfy the Markov property

o 7 generates X} through a distribution p(Xy |Zi) (emission probability) Vk = 1, ... ,d.

Zl _— 22 —_— Z3 "N Z4 ................ > Zd
} ! v v v
Xl X2 X3 X4 Xd



THE MARKOV PROPERTY
D-SEPARATION IN HIDDEN MARKOV MODELS

Foranyi,j = 1, ... d, conditioned on observations X,,,, ..., X, there is an unblocked path
between X; and X; along the latent variables with no head-to-head nodes, and thus

forany X, ..., X,.

In particular, conditionals of the form p(X;| X1, ..., X;_1) generally do depend on all
previous random variables.



MARKOV BLANKETS

For a joint p of a set of discrete random variables X1, ..., X4, we have

d
p(xi,...,xa)  Ilizi PO |parents;)
ij p(x, ..., xq) ij Hle p(x;|parents;)

pOGlxt, ..o Xigjs ., Xa) =

Consider the two properties of a factor in the denominator:

[ = j,i.e. thefactoris p(x;|parents;), or

e Xx; € parents,, i.e.the X; is a child of X; . .
In any other case, the factor can be pulled out of the sum and \ /
cancels with the numerator. % .
= p(X;|X1, ..., Xizj, ... , Xg) only depends on the parents \ l /

of X;, the children of X;, and the other parents of the .

children of X;, forming the so-called Markov Blanket.



INFERENCE

There are mainly three types of inference:
e parameter estimation through maximum (log-)likelihood
0" (x1,...,xq) = argmax, log po(x1, ... ,Xq)
e inferring distributions over unknown variables, known as Bayesian inference

pxt, ..., xq4|Z) p(Z)
2. p(x1, ..., xa|2)p(2)

p(Zlx1,...,xq) =

e approximating Bayes' posteriors, known as variational inference

q (Z) = argmin - error(q(Z), p(Z|x1, ... , X4))

Note: Variational inference can be considered a generalization of both, maximum likelihood and Bayesian
inference, which are recovered as limiting cases by the choice of trial distributions.



MAXIMUM LIKELIHOOD

Consider the example of a model

past future
soil quality soil quality

/ N / ' !
Pa(S, 57, X, X") = p(S) p(X|S) pa(57]S) p(X"|S") S o s

consisting of the (for simplicity, discrete) variables past and /!
future soil quality S, S’, past and future crop yields X, X', f m_at
where the future soil quality S” depends on S and an action o

a, e.g. representing the amount of fertilization. 9 @

past future
crop yields crop yields

Note: For fixed a, this is a one-step hidden markov model.

As a farmer, we might only be able to observe the past crop yields X = x. In order to
determine an action a leading to desired future crop yields X’ = x’, the farmer could
employ maximum log-likelihood as follows:

at(x,x) = argmax, log pa(x,x’) = argmax, log Z pals, s’ x,x")

s,s’



BAYESIAN INFERENCE

Instead of greedily looking for the best action a, the farmer s quaty sl iy

could also treat the action as a random variable A following S J—( s

some prior distribution p(A), resulting in the joint l Va l
A

p(S, 8", X, X", A) = p(S) p(X|S) p(A) p(S"|S,A) p(X"|S")

The farmer can then infer the distribution p(A | X=x, X'=x") : .

using Bayes' rule:

o px,x',A) > o p(s, s’ x,x',A)
pAlx,x") = = e ——
po,x") Y p(s, 8 x, X, a)

Note: Depending on the sharpness of the prior p(A), the Bayes' posterior p(A|x, x”) will be more or less sharp and
can only be non-zero where p(A) is non-zero. If p(A) is uniform, then Bayes' rule is the softmax version of maximum

log-likelihood.



VARIATIONAL INFERENCE
MOTIVATION

Before considering the model from the previous slide,
assume a simple model p(X, Z) = p(Z) p(X|Z) of two

: : : p@) | Z
variables. When observing X=x, we can determine

w

P (VAR
p(Z) p(x|Z) ! pZIX=3)

pZ|X=x) = .
Y. p(2) p(x|2) ) 9

over hidden causes Z using Bayes' rule.

Problem: The calculation of the normalization ZZ p(2) p(x|z) is often intractable.

Idea: Approximate p(Z|x) by a family of trial distributions g(Z) by minimizing some error
measuring the difference between g(Z) and p(Z|x).

But: We cannot use ANY discrimination measure between distributions because we would
have to know p(Z|x) in advance!



VARIATIONAL INFERENCE
FREE ENERGY

We have
_ qz) q(2)
Dx(qDIp(Z1x) = 2 q@)log s = 2 4@)log - "+ C)
= F(g@)p2)

where C(x) 1= ) q(2) log p(x) = log p(x) is independent of g.

Hence, minimizing the Kullback-Leibler divergence between g(Z) and g(Z|x) is equivalent

to minimizing the so-called (variational) free energy F'(q(Z)||p(x, Z)) with respect to g(Z),
for which we do NOT have to know p(Z|x) in advance.

In particular,

argmin F(q(2)|Ip(x, 2)) = p(Z|»),  min F(gZ)lIp(x, Z)) = =C(x) = —log )" p(x,2)
9(Z) 92) .



VARIATIONAL INFERENCE
GENERAL FREE ENERGY MINIMIZATION

Let ¢ > 0 be an arbitrary non-negative function of one variable. In the exercises, using
Jensen's inequality we show that

Fqll$) := Z 4(2) log g(f))
is minimized at g* given by
v _ P2
q (Z) = S 60

with the minimum F(g*||¢) = —log >’ ¢(2).

In variational inference, the reference function ¢ is usually given by a joint distribution
evaluated at the observed variables (as shown on the previous slide).



VARIATIONAL INFERENCE
NORMALIZATION THROUGH OPTIMIZATION

Hence, minimizing the free energy F'(g||¢) simply normalizes the reference function ¢, in
order to obtain a probability distribution with the same shape as ¢. This is relevant in
particular when this normalization is hard or intractable to do directly.

Fgll$) variation of q to

free energy

S Py 9 minimize free
1.0 energy
C"/\s',@o,r
" 2;’6 fOﬁO A ¢ unnormalized reference function
o % é@é. p . o
S e /@,’ ¢ q auxiliary trial distributions
Q = . .
E ® = p, normalized version of ¢
— @ ¢
8 9 \ Qb - (le, ¢2) S
5 L 5. Y ©
% 0.5 ,,),_1@0 . >
0 %, 20N 3
% W2 ©
o N o
& %f " oo™ I
o
qu\
o
0.5 1.0 N
A 1st vector component B

Image source: Gottwald, Braun 2020.


https://doi.org/10.1371/journal.pcbi.1008420

VARIATIONAL INFERENCE
2 HIDDEN DIMENSIONS

Consider the previous model parametrized by a parameter 0,
i.e.po(Z,X) = po(Z)pe(X|Z), and treat  also as a random

variable, so that we have a model of the form o ——» Z
A
P(®,Z,X) = p(®©) p(Z|®) p(X|Z.©). \ /|
: : : , , o 90,Z) ~
As previously, instead of calculating the Bayes' posterior p(©,Z]X = x)

p(0, Z| X=x) directly, we can minimize the free energy

q(0,z2)
p(0) p(z|0) p(x|z, 0)

F(q(®,2)|p(®,Z,x) = ) q(6,2)log
0,z

with respect to g(®, Z).



VARIATIONAL INFERENCE
MEAN-FIELD SOLUTIONS

Assume that ® and Z are statistically independent under g, i.e. g(®, Z) = q(®)q(Z). Then
the free energy can be written as

q(0)
p(0) eZ: 4(2)10g p(xlz.O)p(|6)

F(qllp) = ) q(®)log +C1 = F(q(©)]|$1(®)) + C
0

where ¢ (0) := p(0) eX: 4@ 10gplz0pild) ang C) = Y. q(z) log g(z), or, equivalently, as

q(z)
e 2o 9(0) log p(x|z,0)p(z|O)p(9)

F(qlip) = ) q(2)log +Cy = F(q2)ll$2(2)) + C

where ¢»(z) = 20 40) 1og |z OpIOP©O) ang C, = Y0 q(0)log g(0).

This motivates to alternatingly minimize with respect to g(®) and g(Z) (while keeping the
other one fixed), with the solutions

$2(2)

* $10)
0 p— j—
7©) Y. $2(2)

Y1)

q (2)




VARIATIONAL INFERENCE
APPROXIMATIONS AND ITERATIONS

In summary, representing Bayes' rule as an optimization principle has two main
applications:

e Approximate inference: Approximating Bayes' posteriors by parametrized trial
distributions gy (e.g. Gaussians):

0" (x) = argming F(qo(2)|Ip(x, 2))

e Iterative inference algorithms: Minimize the free energy with respect to factors of g
alternatingly, for example the mean-field algorithm on the previous slide (an example of
the variational Bayesian EM algorithm, see e.g. , and the exercises).


https://cse.buffalo.edu/faculty/mbeal/papers/beal03.pdf

VARIATIONAL INFERENCE
OVERVIEW

hidden
variable A
z
approximate inference %
( P@) _ ming F(g4(Z)llpo(x. 2)) 3
prior Pox.Z) naive . g
p(Z|X =x) = ——— Bayesian (e.g. by gradient descent)
EZ Po(x,2) inference
PoX,Z) q(2) variational
probabilistic = argminq (log ) Bayesian % )
Pox, Z) inf : ve i ; + q"(Zy,Zy)
model 0% 9 Inierence iterative inference algorithms ’ R AWAE)
PX1Z) -
variational free energy . Y
o © min F(q(Z))q(Z,1 Z)lpo(x. Z;, Z,) 9(2,.2,)
+likelihood F(4@)llpo(x. 2)) min P ! ) ‘)
. @ min F(q(Z))q9(Z,|Z)l\py(x, Z,, Z,)
et A2\ ( /4441 £)11Pg 1 z) i W
(e.g. EM, belief propagation, ...) g2z
observation 7

Image source: Gottwald, Braun 2020.


https://doi.org/10.1371/journal.pcbi.1008420

UNDIRECTED GRAPHS



CLIQUES

Undirected graphs are useful to model mutual and cyclic
dependencies. They rely on the concept of a cligue:

A clique is a fully connected set of nodes in an undirected
graph, i.e. thereis an edge connecting any two nodes of a
clique.

A maximal clique is a clique that cannot be extended by
including one more node, i.e. a maximal clique is not allowed
to be part of a larger clique.

| N/
/

maximal clique

clique



JOINT PROBABILITY REPRESENTED BY AN UNDIRECTED GRAPH

Let X1, ..., Xy bethe random variables corresponding to the
nodes of a undirected graph, also called a (Markov) Random
Field, and let X, denote the subset of random variables X,

belonging to a clique ¢. The corresponding joint distribution
takes the form

|
P Xa) = - ]:[wc(xc> X, X,

where the product is over all cliques (can be restricted to
maximal cliques). Here, Z := >, ], w.(x.) denotes
the normalization constant and y,. > 0 is the so-called
potential function belonging to clique c.

Example: The graphical model shown above takes the form

1

p(X1,...,X5) = Z w1 (X1, X2,X3) Ya(x2, X3, X1) Y3 (X4, Xs5)



DIRECTED TO UNDIRECTED GRAPHS

Y/X\Z

pX)p(Y|X)p(Z| X)

Y/X\Z

~ yX, V) (X, Z)



DIRECTED TO UNDIRECTED GRAPHS: "MORALIZATION"

X\Z/Y X\Z/Y

pX)p(Y) p(Z| X, Y) ~w(X,Y,Z)



DIRECTED TO UNDIRECTED GRAPHS: "MORALIZATION"

0 G
0 Al

® ® ©®

p(S)p(A) p(S’l S, A) p(X|S) p(X'| S") %Wl(S,X)%(S, S, A)ys(S', X




DIRECTED TO UNDIRECTED GRAPHS: "MORALIZATION"

X, X X, X
3 \ / 3
p(X)) p(X5) p(X3) p(X4| X1, X5, X3) % (X, X, X5, X))



CONDITIONAL INDEPENDENCE FOR UNDIRECTED GRAPHS

Much simpler than d-separation:

Consider three sets of nodes A, B, and C of an undirected
graph. A path from a node in A to a node in B is called

blocked by C if it passes through a node belonging to C. o N
Theorem (Clifford 1990): If all paths from A to B are blocked \0/
by C, then the set of random variables in A is independent /

from the set of random variables in B, given the set of random ¥ X

variables in C.

Example: In the graph to the right, the paths between X and
S’ (and X') is blocked by {S, A}, i.e.

p(X,S'|S,A) = p(X|S,A) p(S"|S, A)


http://www.statslab.cam.ac.uk/~grg/books/hammfest/3-pdc.ps

CONDITIONAL INDEPENDENCE
COMPARISON TO DIRECTED GRAPHS

A N/

pX,Y) =pX)p(Y) pX,Y) #pX)p(Y)
pX,Y|Z) #pX|Z)p(Y|Z) pX,Y|Z) #pX|Z)p(Y|Z)



CONDITIONAL INDEPENDENCE
COMPARISON TO DIRECTED GRAPHS

N N
N N\

pPX.Y|W,Z) =pX|W,Z)p(Y|W,Z) PX.Y|W,Z) #pX|W,Z)p(Y|W,Z)
pP(W.Z|X,Y) =p(W|X,Y)p(Z| X, Y) pP(W.Z|X,Y) =p(W|X,Y)p(Z| X, Y)



MARKOV BLANKETS IN UNDIRECTED GRAPHS

Due to the simple conditional independence properties of
undirected models, their Markov Blankets take also a
particularly simple form:

The Markov Blanket of a node X; consists of all neighbouring
nodes (directly connected through a single edge).

In particular, given all neighbouring nodes, X; is independent
from all other nodes in the undirected graph.



EXPONENTIAL REPRESENTATION

Since the potential functions y. have to be non-negative, sometimes they are represented
using so-called energy functions £ through

_Ec c

We(Xe) = e (xc)

so that the joint distribution corresponding to an undirected graph takes the form of a
Boltzmann distribution

1
- e_ ZC EC(XC)

pxi, ... %a) =

where the summation is over the maximal cliques of the undirected graph. Notice, low
energy means high probability and high energy means low probability.



BOLTZMANN MACHINES

Boltzmann machines are fully connected undirected graphs with binary nodes defined
through 1-clique and 2-clique energies of the form

Eixy(xi) = bixi  Eix,.x;)(Xi, X)) = —wiiXix;

where the so-called biases b; € R and weights w;; € R are the parameters of the
machine. The weight matrix w is taken to be symmetric and with 0s on the diagonal. The
total energy can therefore be written as

i—1

N
Ex(xy,...,xy) = —2 Zwljx,x] - bel = —— Zwljx,x] -+ bel

i=1 j=1 l,]l

where X := {X;,..., Xy }.



BOLTZMANN MACHINES
INTERPRETATION AS NETWORKS OF THRESHOLD UNITS

Consider a Boltzmann machine with N units and assume that unit kis in state x; = 0. The
change in total energy when unit k changes from O to 1 is

N
AE, i = Ex(xy,....,xx=1,...,xy) — Ex(x1, ..., x: =0, ...,xy) = —Zwkixi + by,
i=1

Thus, in order to minimize the total energy, i.e. AE; < 0, unit k£ should change its state from
Oto 1 if Zi WiiX; > by.

—> b, can be interpreted as a threshold, whereas Zi wy;X; is the input to unit k, which
activates the unit if it exceeds its threshold.

Note: This is exact for the deterministic versions of Boltzmann machines, so-called Hopfield networks. Boltzmann
machines are their "soft-max" version (see next slide).



BOLTZMANN MACHINES
SAMPLING MINIMUM ENERGY CONFIGURATIONS

Given a Boltzmann machine with fixed weights w;; and biases b;, samples from the joint can
be generated by successively sampling from the conditionals

p(Xk|X17 A 7Xl7ék, e 7XN) °

That is, we start with a random configuration x = (xi, ..., xy) of the network and update it
with new samples from the corresponding conditionals (this is also known as Gibbs
sampling). We have

—Ex(x) _ terms dep. on k + const wrt. k __ —AEix;

1 1
p(xklxl,...,x,-#k,...,xN)=Ee = e = =¢

1
Z
where Z dependson xi, ..., Xy except x;.

Thus, in order to decide whether X} takes the value O or 1, we simply calculate the
difference between the bias/threshold by and the input to unit &, resulting in AE}, which

determines the probability of X; = 1 given all other samples by p; := 1+€1AEk :




BOLTZMANN MACHINES
INVERSE TEMPERATURE

It is convenient, to introduce a scaling parameter > 0, known as the inverse temperature
due to its analogy with the Boltzmann distribution from thermodynamics, which is
multiplied to the total energy, so that

1 1
— _— ,PEx(x1,...xN) —
p(‘xl""7'xN)_ e 2 pk 1+eﬂAEk

Z

This allows to scale between deterministic Boltzmann machines (Hopfield networks) and
very "soft" Boltzmann machines:

e f} — oo:Inthis case, the sign of AE} decides deterministically between X = 1 and

Xi = O (i.e. by is a hard threshold), since 1+€1ﬁ|AEl — 0 and m — lasf — o.

in particular the state of X} is independent of the energy.

e # — 0:Wehavep, = %,

Note: This can be used for a cooling scheme, known as simulated annealing: start with small 3, i.e. "high
temperature" (to avoid getting stuck in local minima) and increase /3 over time.



BOLTZMANN MACHINES
LEARNING: VISIBLE AND HIDDEN UNITS

Using maximum log-likelihood the weights and biases of a Boltzmann machine can be
adjusted such that its minimum energy configurations resemble a given set of binary
example vectors as closely as possible.

To thisend, theset X = {Xj, ..., Xy} of all nodes is split
into two parts: X = X, U Xj;:

X X out
in X W X4
e Visible units X, = X;, U X,,;;: These consist of all inputs ) <) 3
and possibly (in case of supervised learning) outputs X /|)< ..‘X
2 F A\ 4s
e Hidden units X;: These are latent variables that are only \\|§é \’l//Xh

used internally (marginalized out in the likelihood) X, - X



BOLTZMANN MACHINES
LEARNING: OPTIMIZATION PROBLEM

Thus, learning in Boltzmann machines consists in solving the optimization problem

max [Epdt(x)[logp(Xv)] = max |D| Z log Zp(xv,xh)

x, €D

where D denotes a given dataset of | D| binary vectors corresponding to the visible units.

We have
a e ﬁE(Xv Xh)
ow - Z 2 o PEG, ) N T Z P(Xy, X5 )XiX;
y Xy, Xy
PxI%,)

and the derivative wrt. b; is the same, except of the sign and that x; is not present.



BOLTZMANN MACHINES
LEARNING: GRADIENT ASCENT

In particular, using gradient ascent, we obtain the update equations (4 is the learning rate)

wirl — wi + ﬂ([Epdata(an(Xuxv)[Xin] - Ep(Xv,Xm[Xin])

bl « bj - /1<[Epdata<xv)p<xh|xv>[xi] - [Ep(XV,Xm[Xi])

In practice, these expected values are approximated using Gibbs sampling, in particular,
every gradient ascent update step requires to simulate the boltzmann machine in two
different ways (if hidden states are present):

e E,x,.x,)[] requires samples from the equilibrium (as before)

e by, X, pX,1X,)[-] requires to fix the visible units at the current datapoint x, and to let

the hidden units equilibrate using the same sampling scheme as for the second term.

Note: The update increment of w;; is sometimes written as A({X;X; )data — (XiXj)mode1) (@analogous for b;) because
in the case of no hidden units, the first term is simply the expectation of X;X; under the data distribution.



BOLTZMANN MACHINES
DEGREES OF FREEDOM

A Boltzmannn machine with nodes X1, ..., Xy is not able to represent all possible
distributions over these variables, because of the restricting form of its energy, which only
considers 1- and 2-cliques.

This can be seen immediately when counting the degrees of freedom in the case of N > 2,
e.g.forN = 3:

e ajoint of 3 binary variables X;, X», X3 has 2 _1=7 independent values, whereas
e Boltzmann machines with three nodes have 6 parameters: by, by, b3, wiz, wiz, was.

In general, Boltzmann machines have N + N(N — 1)/2 = N(N + 1)/2 parameters, which
is smaller than the 2" — 1 parameters of a joint of N binary variables if N > 2.

Note: Using hidden nodes the expressive power of a Boltzmann machine is increased, but the number of hidden
units must grow exponentially in the number of variables to achieve full expressibility (see e.g. ).


https://doi.org/10.1162/neco.2008.04-07-510

RESTRICTED BOLTZMANN MACHINES

As can be seen in the exercises, even very simple tasks such
as representing the XOR function can be challenging for a

simple Boltzmann machine. % Vs X,
\\"" H

A more efficent model is obtained by removing all ]

connections between visible nodes and between hidden Y2 <

nodes and only keep the connections between hidden and //: H,

visible nodes in tact, resulting in restricted Boltzmann Vi)

machines (RBMs).

Denoting the visible variables by Vi, ..., V,, and the hidden variables by Hy, ... , H,,, and
the biases of visible nodes by a and the biases of hidden nodes by b, we obtain

Ex(i,....v,,hy,..., ¢ ZZW,Jvlh +Zalvl+2bh

i=1 j=1



RESTRICTED BOLTZMANN MACHINES
CONDITIONAL INDEPENDENCE

In restricted Boltzmann machines, all hidden nodes are statistically independent given the
set of visible nodes, and all visible nodes are statistically independent given the set of
hidden nodes, because every path connecting any two nodes in one group of nodes has to
go through a node of the other group.

We therefore have

pH|V =v) = HP(HiW =V) @"‘\ %
i=1 -‘ H,
(VIH=h) = (Vi|[H = h) —
’ L o



RESTRICTED BOLTZMANN MACHINES
SAMPLING MINIMUM ENERGY CONFIGURATIONS

Due to the conditional independence properties, Gibbs sampling now consists of only two
steps that are alternated:

e Givenarandomsample V = v, update all hidden states in parallel by sampling from
p(H;|v), where

1
p(Hj = 1]v) = [+ SAE AE] = —szjvi + b

e Update all visible states in parallel by sampling from p(V;|h), where

1
+ AR

p(Vl — llh) — 1 AEZV = — szijhj + a;



RESTRICTED BOLTZMANN MACHINES
LEARNING: STANDARD LEARNING RULE

Maximum log-likelihood estimation using Gradient ascent results in the same learning rule
as in regular Boltzmann machines, where p(H| V) in the first term is replaced by p(H;|V):

witl Wi+ /1<[Epdata<V>p<Hj|V>[ViHj] - [Epw,H)[ViHj])

with an analogous simplified rule for the biases, as previously.

e The first term is determined by selecting random training samples v and sampling hidden
states in parallel using p(H;|Vv) (see previous slide).

e The second term requires samples of minimum energy configurations using Gibbs
sampling.

Even though learning in RBMs is more stable than in regular Boltzmann machines, Gibbs
sampling can still take a long time. In , a faster learning rule was proposed,
approximately minimizing the so-called contrastive divergence.


https://doi.org/10.1162/089976602760128018

RESTRICTED BOLTZMANN MACHINES
LEARNING: CONTRASTIVE DIVERGENCE

Letq",q', ..., g™ denote the distributions over visible states v that result from Gibbs
sampling steps 0, 1, ..., oo, starting at the data distribution, i.e. qo = Pdata, and eventually
ending at the equilibrium distribution, i.e. g = p. For example,

g'(v) = Y pvi) D’ phIv)g" ) = Y pvIVI V). (V) =) pvIVg' (V). ...
h v v v

Maximizing the average log-likelihood E (v, [log g* (V)] is equivalent to minimizing
Dxi.(¢°]|1g®) = E,o[log 7’1 — E,o[log g*]. Note the following facts:

e By Jensen's inequality, Dx1.(¢' ||g®) < Dx1(q"]|g™) with equality onlyif ¢g' = ¢,
expressing the fact that ¢! is one step closer to g® than ¢°.

o Ifg' = ¢ theng® = ¢" (lIg° = ¢° = 11"¢° = ¢°, where
Mg(v) == 2 p(VIV)g(¥)

Contrastive Divergence Learning: Minimize the difference Dx1.(¢°||¢®) — Dki.(g"||g*®)
which is non-negative and takes its minimum at g® = ¢°.



RESTRICTED BOLTZMANN MACHINES
LEARNING: APPROXIMATE CONTRASTIVE DIVERGENCE

Contrastive divergence is usually applied to cancel untractable expectations with respect to
g that appear in both divergences. This is also true in RBMs, even though the following
learning rule only approximately minimizes contrastive divergence:

wfj’l «— ij + ﬂ([EQO(V)p(ij)[ViHj] - [qu(V)p(Hle)[ViHj])

It is motivated by

%UDKL(QOHQOO) = —[Eyp :avav,.j log qoo: = _<[EqO(V)p(HJ-|V)[Vi[_Ij] — By [ViHj])
%UDKL(CI”WOO) ~ —E, :%ﬁlog 6100: = —([qu(V)p(ij)[ViHj] — Eg= [ViHj])

where the approximation consists in ignoring the w-dependency of ql. The simplified
update rules for the biases are analogous as before.



MESSAGE PASSING



INFERENCE ON A CHAIN

Consider a graphical model with nodes X1, ..., Xy only consisting of 2-cliques with every
node being part of exactly two cliques, except of X| and X that are only part of one, i.e. the

variables can be ordered as a chain with joint

1
p(X) = 21//1,2(X1,X2) Yr3(X2, X3) - wn—on—1 (Xn-2, Xn-1) yn—1. 8N Xn-1,XN)

X;

X X5

Note: Examples of such graphical models are Markov chains, where each clique potential takes the form of a
conditional probability of one node given another node, turning the undirected into a directed graph.



INFERENCE ON A CHAIN
MARGINALS

Assume that we want to dermine the distribution of node k given that no other variables are
observed, i.e. we want to calculate the marginal p(Xg).

The naive approach is to calculate the full joint p(X1, ..., X)) and then to take sum over all
othervariables X\ = (X1, ..., Xizk, ... , XN ), I.€.

p(Xy) = Zx\k p(x1, ..o, X1, Xk Xkt 15 - .-, XN )- Assuming that all variables X; have K
possible values, the joint p(X) consists of K" numbers, i.e. the amount of terms that have
to be added in the naive calculation of p(X}) grows exponentially with V.

Another approach is to use the factorization of p in order to reduce the number of
calculations: y » is the only factor that depends on x1, and similarly yy_1 y is the only
factor that depends on xp, so that the sum over x; and x) can be taken immediately, and so
on:

1
p(Xi) = Z 2 Wi—1 .k (Xr—1, Xi) =+ Z yn3(x2,x3) Z w12(X1,x2)
X1

Xk—1 X2

X Z Wick+1 Xk Xkp1) =+ Z WN-2.N-1(XN=2,XN=1) 2 WN-1.N(XN=1,XN)

Xk+1 XN-1 XN



INFERENCE ON A CHAIN
MARGINALS: MESSAGES

If we define the forward message from 1 to 2 and backward message from Nto N — 1
p1-2(x2) = le w12(X1,X2),  UN-1eNN-1) = ZXN WN—1,N (XN—1,XN)
andfor1 < i < N, the forward and backward messages fromitoi + 1 andi — 1,

Hiit1 (Xig1) 1= Zx. Wii+1 (Xis Xi1) Pim15i(X0),

Hic1i(ie1) 1= ) Yinti (-1, 0) ficier (40,

then p(Xy) = % Ui—1—k (Xi) prei+1 (Xy) is the product of messages sent from the
preceding node X;_; and the succeeding node X, to node Xj.

Hi2 Hr—2-k—1 K1k




INFERENCE ON A CHAIN
MARGINALS: COMPUTATIONAL COMPLEXITY

Assuming that all variables have K possible values, then each of the K — 1 independent
values of p(X}) requires to calculate N — 1 messages

H1-525 oo s Bhk—1—ks Mk—k+15 -+ s UN=1<N
L

S \\ 7

h'd h'd
k—1 messages N—k messages

where each message is determined by a sum of at most K terms. In particular, the number
of terms that have to be summed grows linearly in NV, whereas in the naive calculation that

number grows exponentially in N (more precisely, O(K?>N) vs. O(K™)).

Additionally, if we want to determine all N marginals p(X1), ..., p(Xy), then each message
only has to be calculated once and can be used in multiple places, i.e. we only need twice
the amount of messages than for a single marginal.



INFERENCE ON A CHAIN
CONDITIONALS

If a variable is observed, then the summation over that variable is simply replaced by
evaluating the corresponding clique potentials at the observed value. Otherwise, the
messages are calculated by the same iteration as before, in particular

p(Xk|X0: Xo) — % ,uk—l—>k(Xk7 Xo) /’lk<—k+1(Xka Xo)

where X, C {Xi, ..., Xy} denotes the set of observed variables, and the extra
dependency on X,, in the backward and forward messages indicates that those variables are
not summed out in the iteration.

The inference algorithm discussed so far can be considered a special case of the sum-
product algorithm for tree-structured graphs, for which we need to introduce factor graphs.



FACTOR GRAPHS

Factor graphs are similar to undirected graphs in that they do

not contain arrows, but they can contain more specific £
information about the decomposition of the joint, e.g., X, — b_ X,
pX1,X2,X3) = fu(X1) (X1, X2) fe (X1, X2, X3) fu(X3), 7 | \ f/

because each factor f,, f, ... , obtains its own node in the ‘
graph, indicated by a filled square, and is connected to the X; — fy
variables of that factor.

In an undirected graph, the joint above would simply contain the three variables and links
between them (see e.g. )



INFERENCE IN FACTOR GRAPHS

Factor graphs allow a very simple message passing algorithm, generalizing what we derived
for chains to the so-called sum-product algorithm.

e To this end, messages are always considered to be sent from factors to nodes and from
nodes to factors (thereby getting rid of "backward" messages, since direction is artificial
in undirected graphs anyways), denoted by ¢ and v, respectively.

e Itistraditional to denote variable indicesbyi,j, k, ... € {1,2,3, ...} and factor indices
bys,t,u,... € {a,b,c,...},i.e.thetwo types of messages may generally be denoted by
Us—; (factor to variable) and v;_,¢ (variable to factor).

e Goal: The marginal of a variable is calculated by the (normalized) product of all incoming
messages from the neighbouring factors.

Based on this goal, in the following, we construct messages for various cases in order to
motivate the sum-product algorithm for general graphs (for a more detailed derivation see

e.g. ).


https://www.springer.com/gp/book/9780387310732

THE SUM-PRODUCT ALGORITHM
EXAMPLE: CHAINS

Consider a chain of three variables X1, X>, X3. Writing f, := w12
and fp := yn 3 then the message equations are given by

H1-2(x2) = le Ja(x1,x2) v15a(x1)

D Ha—2(X2)
pr-3(x3) = sz Jo(x2,x3) Vosp(X2) =t pp—3(x3)

HPo3(x2) = 2x3 Jo(x2,x3) 35p(X3)  =: pp—2(x2)

2@ = ) falrx) vama(®2) =t Ham1 (1)

yl—)d

L)

Vrsp

Hp3

X

X5

X3

Has1

Ja

Vy sa

Hp2

o

V3 p

— For boundary variables X; (only connected to a single factor f;): v;—s(x;) = 1.
= In a chain, interior variables pass through the incoming message from the factor



THE SUM-PRODUCT ALGORITHM
EXAMPLE: BOUNDARY FACTOR

Consider a factor graph consisting of only one variable X;
and one factor node f,,. Since the distribution p(X;) must be
the (normalized) product of all incoming messages, we have Ha—1

pxr) = %fa(xl) — %/’la—ﬂ(xl)

and thus p,—1(x1) = fa(x1).

— The message from a boundary factor f; to its only node X; is simply ps;(x;) = fs(x;).



THE SUM-PRODUCT ALGORITHM
EXAMPLE: MESSAGE FROM FACTOR TO NODE

For interior factor nodes in chains, we know that the
message to the next variable is created by multiplying the

incoming message from the previous variable with the factor  f m—{ x,
and summing out the previous variable. Here, we have \"1*“ s
Uy se X3
p3) o< Y felri,x2,33) ful@1) fy2) o pre—3(x3) /4
X1,
S/ X

and we know already f,(x1) = uy—1(x1) = vi-(x1) and
similarly f,(x2) = v2—.(x2). Hence,

Pes3(X3) = ch(xl , X2,X3) Vise(X1) Vase(X2)

X1,X2

—> For the message of an interior factor node s to one of its variables X;, we multiply f;
with the incoming messages from the other variables X; # X; and sum out those variables.



THE SUM-PRODUCT ALGORITHM
EXAMPLE: MESSAGE FROM NODE TO FACTOR

For interior variable nodes in chains, we alredy know that

the incoming message from the previous factor is simply f.
passed through to the next factor. Here, we have Xy T s
\ Vise  Hess
pOs) o Y falr, x3) fi (2, %3) folX3, Xa) & proma(xs) W) S
X1,X2,X3 / ‘
X, —
and since f. is an interior node like in a chain, we know Jo

that pre~4(xa) = X, fe(x3,X4) V3-0(x3), S0 that

vie) = (P falrr, ) ) (o2, 5) ) = praa @) o)

— For the message of an interior variable node X; to one of the connected factors f,, we
multiply the incoming messages from the other factors connected to X;.



THE SUM-PRODUCT ALGORITHM
FINAL FORM OF MESSAGES

Consider a factor graph of random variables X, X5, ... and factors f,, fp, .... Let N(i)
denote the index set of neighbours of X;, i.e. the indices a, b, ... of factors that depend on
Xi,and N(s) the index set of neighbours of f;, i.e. the indices i, j, ... of the variables of f;.

Let messages us—,; and v;_¢ be calculated as follows:

Vins(Xi) 1= H Mi—i(Xi)
te€ NO)\{s}

//ls—>i(xi) = Z fS(Xs) H Vj—>s(xj)
X5\ {x;} J € N\ {i}

where X denotes the set of variables of factor f;.

Moreover, for the cases of no incoming messages: the message v;_,; from a variable that
only appears in a single factor ( fy) is set to 1, whereas the message u;_,;(x;) of a factor that
only depends on a single variable (x;) is set to f,(x;). (69|



THE SUM-PRODUCT ALGORITHM
MARGINALS

Theorem: For tree-structured graphs, the marginal p(Xy) is given by the (normalized) product
of all incoming messages:

where tree-structured graphs are

e trees: undirected graphs with only one path between any two nodes, and directed graphs
whose moral graph is a tree (i.e. each node has at most one parent), and

e polytrees: directed graphs where each node can have more than one parent but there is

still only one path between any two nodes in the directed graph (their moral graphs can
have cycles, i.e. are not trees)



TREES

a tree

O

a directed tree with a single root node



POLYTREES

A

a polytree corresponding moral graph
(not necessarily coming from a polytree)



THE SUM-PRODUCT ALGORITHM
CONDITIONALS

So far: calculate marginals p(Xy) given that all other variables are unknown.

Conditioning on observed variables X, is analogous to marginalization except that sums
over X, are replaced by evaluations at the observed values x,,.

In particular, messages from factors to nodes are determined by the same procedure as
before, just that now the summation is only over unobserved variables, whereas any
variable X; € X,, is simply evaluated at its observed value x; € x,,

Ps—i(xi) = Z Js(Xy) H Viss (xj)

Xs \ {Xi,X, } J € N\{i}

where X contains both, unobserved variables of f; over which is summed and observed
variables of f; which are simply clamped at their values.

All the other messages are the same.



THE SUM-PRODUCT ALGORITHM
FACTOR MARGINALS AND CONDITIONALS

In analogy to marginals of single variable nodes, we can also use the messages to determine
the marginal of a factor, i.e. the joint distribution of the variables X connected to a given
factor f§, by the normalized product of all incoming messages and the corresponding factor,

pxs) = 5 fix) [ viestr)

IEN(s)

and similarly for the conditionals p(X;|X, = X, ) with the corresponding messages as for
single-variable conditionals.

Having an efficient way to calculate single-variable conditionals and factor conditionals is
particularly useful in the EM algorithm for Hidden Markov Models, as we shall see later.



OTHER MESSAGE PASSING ALGORITHMS

e Max-sum algorithm: Very similar to the sum-product algorithm, but for MAP estimation
(the sum-product algorithm performs exact Bayesian inference on trees).

e Junction tree algorithm: message-passing for more general graphical models by first
creating a new tree (the junction tree) that represents the relations between cliques of a

processed version of the original graph and then performing message passing on that
tree.

e Loopy belief propagation: approximate inference through message-passing in graphical
models with loops. For some models, this converges, for others it does not.



LEARNING IN HMMS

As we have seen in , a Hidden Markov Model (HMM) consists of observable variables
X1, ...,Xs and hidden states Z1, ... , Zy4, related by a joint of the form

d d
pX.Z) = p) [ | pZilZe-0) [ | pXa1Z2)
k=2 n=1

Z1 W Z2 I— 4 3 — 7 # EXELEEEEEREREREE » 7 g
' | ' ' |
X, X, X3 Xy Xy

In the following, we will use message-passing to perform Bayesian inference over the
hidden states, which is required for maximum likelihood estimation through the EM
algorithm. (o6



LEARNING IN HMMS
EM ALGORITHM

Assuming that the emission and transition probabilities pg(X;|Z;) and pg(Z;+1|Z;), as well
as pg(Z1), are parametrized by a set of parameters 6, we can perform maximum likelihood
estimation in order to learn from given sequential datax = (xq, ..., xg):

0" = argmax, log py(x) = argmax, log ZZ po(X,7)

where, if we assume that each hidden variable has K states, the marginalization over Z
consists of K¢ terms and thus is intractible for practical values of d.

This is the use-case of the standard EM algorithm (which can be considered a special case of
the variational EM algorithm, see the exercises): Initialize 6 and iterate the two steps

e E-step: Given 6, determine the Bayes' posterior g(Z) := pgo(Z|X)

e M-step: Update 0 by maximizing E,z)[log po(X, Z)]



LEARNING IN HMMS
M-STEP

The M-step consists in maximizing

d
Eqz)[log po(x, Z)] = By, [ Z (log po(x|Ze) + logpe(Zklzk—l))]
k=1

where, for simplicity, we write pg(Z1|Zo) := pe(Z1). Using the linearity of expectation,

d

Egzllog po(x, 2)] = ). (Egzy [log poGik | Z0)| + Egz, 20 [ l0g po(Zi| Zi-1)] )
k=1

from which it follows that we only need the single-variable marginals g(Z;) and two-
variable marginals g(Z;—1, Z;).



LEARNING IN HMMS
E-STEP: FACTOR GRAPH FOR THE SUM-PRODUCT-ALGORITHM

Canonical choice for a factor graph of an HMM: Variables X, Z and factors

Js@r=1>2k) = po(zr|zi-1), 81Xk, 2k) = po(x|zx)
Z ) —l—Z )—— e — —{( Z,
| f:v | 2 -ﬁ |
é ét é
Note: Another choice would be to absorb the emission probabilities in the transition probabilities, since x1, ... , x4

are assumed to be constant throughout.

Notation: Here, we need to include the variable and factor names in the messages, e.g., jir -z, , g~z , €tC...



LEARNING IN HMMS
E-STEP: SINGLE-VARIABLE MARGINALS

For each hidden state Z; there are three

incoming messages (except at the boundary), Z 7 7
"I \S- 1T\ Ly JT R\ L

Js fi fu i

q(zx) = % Pg -7, (Zk) Pf -7, (2k) pr, 7, (Zk) | g | g | g,

where the message from g; is simply the @ @ @

emission probability, and the messages from
f: and f,, are calculated iteratively:

° g 7,(2k) = &1k Xx) = po(xi|zx)
* Hf7(2k) = sz_lft(zk—l,Zk) 85 (Zk—1,Xk—1) Hf -z, (Zk-1)

o wr-z(z) = 2 Ju(Zi Thr1) 8uThwts Xk 1) ff, 740 (Tht1)
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LEARNING IN HMMS
E-STEP: FACTOR MARGINALS

The two-variable factor marginals are determined by
the product of the factor itself and the two incoming
messages from the nodes Z;_; and Zy,

9 Zi-1, Zi) = + fi@i1, 2) vz~ @k=1) vz, (k)

which can be determined from the factor-to-node
messages that we already have to calculate for the
single-variable marginals:

* Uz, —f (1) = &5(Zh—1,Xk—1) Yt~z (Zh—1)

* Uz~ (zk) = &(Zk> Xk) Y, ~2z,(2k)
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